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Abstract. We explore the classical and quantum properties of a sterile scalar
field coupled to N copies of Dirac fermions in an external gravitational field.
We find that the self-interaction scalar potential of a model that is consistent at
the quantum level, includes odd (first and third) powers of a scalar. In particu-
lar, one has to consider, besides the standard non-minimal coupling of the form
ξϕ2R, the new type of non-minimal coupling of the form fϕR with new non-
minimal parameter f . We study the one-loop renormalization of such a theory
including renormalization of the new non-minimal coupling. Also, we calculate
the one-loop effective potential using the renormalization group and show how
the renormalization group analysis should be extended compared to the stan-
dard expression which was derived in 1980-ies. This conclusion is supported by
the direct calculation of effective potential using normal coordinates and covari-
ant cut-off regularization. The important features of the classical theory with
a sterile scalar are related to the presence of the qualitatively new terms in the
induced action of gravity, coming from the odd terms. We show that this new
feature of the theory may have phenomenologically relevant consequences, both
in the low-energy gravitational physics and at the high energies, corresponding
to inflation.
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1 Introduction
The unique scalar field of the Minimal Standard Model (MSM) of particle physics is the
Higgs boson, which is complex and belongs to the fundamental representation of SU(2).
The extensions of MSM such as nonminimal, supersymmetric version, of Grand Unification
Theories, typically have larger scalar sector, but the new scalars are always representations
of the symmetry group of the corresponding particle physics model. The consistency of such
models with respect to quantum field theory requirements are the main tool in restricting
the extensions of MSM, and in particular the scalar sector.
At the same time there is another sort of scalar fields, which are intensively used
in cosmology. Both inflaton and quintessence are real scalars which are not related to
representations of the symmetry group of particle physics and which can be called sterile
scalars. An interesting question concerns the restrictions which can be imposed in quantum
theory on the self-interaction potential of such a scalar field. A practical realization of
this program requires assuming the form of the interaction between the sterile scalar and
elementary particles. In the present work we consider the simplest possible version of such
interaction, that means we consider a sterile scalar coupled to the N copies of massive
Dirac fermion through Yukawa interaction.
It is well known that the multiplicative renormalization of a scalar field in curved
space-time requires introducing the non-minimal coupling between scalar field and gravity
in the form ξϕ2R. However, if the classical potential of the scalar field includes ϕ3-term,
one can expect that the renormalized theory should include the new type of the non-
minimal coupling proportional to ϕR, with the new nonminimal parameter. Thus, we
arrive at the problem of describing the quantum structure of the theory with a sterile
scalar. The purpose of this paper is to consider the main aspects of this problem, such as
renormalization and renormalization group. As far as we know, these subjects have not
been studied in the literature, so far.
To study the above new aspects we start by using the standard heat kernel approach
to derive the one-loop divergences in such a model in curved space-time. As a result
of this calculation we arrive at the minimal form of consistent self-interacting potential
which provides multiplicative renormalizability of the model. The main new feature of this
potential in comparison with a usual scalar (e.g. Higgs) is the presence of third and first
powers of scalar field in the classical potential. Let us note that in the previous existing
calculations of similar divergences in Refs. [1, 2, 3, 4] the presence of these terms was
recognized, but the consequences of this aspect of the theory were never sufficiently well
explored. We fill this gap in the present work, including the discussion of the role of odd
terms for the induced action of gravity, when the scalar field is in the minimum of the
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potential of the sterile scalar. Another interesting aspect of the sterile scalar coupled to
fermions through the Yukawa interaction is the possible role of the odd terms is inflation,
that will be also addressed in what follows.
From the formal QFT side, the challenging problem is how to take into account the
renormalization group for the odd terms, especially when it concerns the renormalization
group - based derivation of the effective potential. The standard expression for effective
potential restored from the renormalization group equation for effective action in curved
space [5] (see also further development of the renormalization group method, applied for
other sectors of effective action in [6]) is valid only for the theory where divergences have
only second and fourth powers of the scalar field. The effective potential in the model with
Yukawa interaction was calculated recently in [3, 4] for the special case of massless fermions,
when the odd terms in the scalar potential are not necessary and the loop contributions to
the potential can be derived on the basis of the standard general expressions in flat [7] and
curved spacetime [5, 2]. If fermions are massive and there are odd terms, these standard
results are incomplete and the renormalization group derivation of the effective potential
should be modified somehow. As usual (see the discussion in [8]), the renormalization
group derivation is based on the identification of the renormalization parameter µ, which
enables one to easily go beyond the local potential approximation [6, 2]. On the other hand,
such identification represents an assumption, which is always good to check, at least in the
simplest case of effective potential. Thus, in order to achieve an additional verification
of the complete result, we perform the derivation of effective potential for a sterile scalar
directly, using the method which was developed recently in [8] in the basis of Riemann
normal coordinates and local momentum representation [9, 10].
The paper is organized as follows. In the next Sec. 2 we describe the derivation of
one-loop divergences in the model with a sterile scalar coupled to N -component fermion.
The beta- and gamma-functions are calculated, and the one-loop effective potential restored
from the renormalization group in Sec. 3 . In Sec. 4 we present the tree-level analysis of the
curved-space analog of the spontaneous symmetry breaking, in the presence of odd scalar
terms, using an approximation of small odd terms and weak gravitational field. The analy-
sis of the induced gravitational action in Sec. 5 shows that in the presence of odd terms, for
a light scalar case, there are unusual low-energy terms, which can be phenomenologically
interesting. At another end of energy spectrum we meet small but potentially detectable
effects of the odd terms. Depending on the details of the particle physics model at high
energies, these terms may be within the reach of the possible observations. Finally, in
Sec. 6 we draw our conclusions and discuss the perspectives for further work.
3
2 Yukawa model with sterile scalar and one-loop di-
vergences
Consider Yukawa model with a single real sterile scalar coupled to the N copies of fermion
field. It proves useful to choose the classical action of the form
S =
∫
d4x
√−g
{
iΨ¯i (γ
µ∇µ + iM + ihϕ) δijΨj + 1
2
(
gµν∂µϕ∂νϕ−m2ϕ2 + ξRϕ2
)
− λ
4!
ϕ4 − g
3!
ϕ3 − τϕ− fRϕ
}
, (1)
where m is a scalar fields mass,M is a spinor field mass, h is the Yukawa coupling constant,
λ, g and τ are the coupling constants in the scalar sector which survive in the flat limit,
while ξ and f are the non-minimal parameters of scalar field coupling to gravity. The
terms with odd powers and correspondingly the parameters g, τ and f were not analysed
in detail in the previous considerations of the model in [1, 2, 3, 4], regardless the odd terms
were identified in the one-loop divergences. From the formal quantum field theory point
of view, the consistent theory of a sterile scalar coupled to fermions should include these
terms from the very beginning and this is the approach we are starting to pursue in this
work.
Regardless of the calculation of one-loop divergences in this theory follows the standard
procedure (see, e.g., [2] for a number of well-elaborated examples), we shall give some details
below, in order to simplify possible verifications. Let us stress from the very beginning
that gravity will not be quantized in this paper (indeed, the generalization to the case of
quantum gravity can be found for similar models in the original papers [11] and book [2],
where the one-loop calculations were done by means of the generalized Schwinger-deWitt
technique, and the subsequent recent work [12], where similar calculations were performed
by using Feynman diagrams (without much detail) and used for attempting to reconciliate
the renormalizability of quantum gravity and the absence of higher derivative ghosts.
Let us start by decomposing the matter fields into classical ϕ, Ψ¯, Ψ and quantum
σ, η¯, η counterparts,
ϕ→ ϕ+ σ, Ψ¯i → Ψ¯i + η¯i, Ψj → Ψj + ηj . (2)
The one-loop divergences are defined by the bilinear part of the action, which involves the
operator Hˆ ,
S(2) =
1
2
∫
d4x
√−g
(
σ η¯i
)
Hˆ
(
σ
ηj
)
=
1
2
∫
d4x
√−g
{
σH11σ + η¯iH21σ + σH12ηj + η¯iH22ηj
}
, (3)
4
or in the explicit form
S(2) =
1
2
∫
d4x
√−g
{
2iη¯i( /∇+ iM)ηjδij − σ✷σ −m2σ2 + ξRσ2
− 2h(ϕη¯iηj + σΨ¯iηj + ση¯iΨj)δij − λ
2
σ2ϕ2 − gϕσ2
}
. (4)
Here the quadratic in quantum fields action S(2) depends on the background gravita-
tional field and the background fields Ψ¯, Ψ, ϕ. After some algebra we get
Hˆ =
(
ξR− ✷−m2 − gϕ− λ
2
ϕ2 −2hΨ¯j
−2hΨi 2i( /∇+ iM + ihϕ)δij
)
.
(5)
In order to reduce the problem of deriving ln Det Hˆ to the standard form, one can introduce
the conjugated matrix operator Hˆ∗ as follows,
Hˆ∗ =
(
−1 0
0 −1
2
(i /∇+M)
)
. (6)
It is well-known that the one-loop effective action has the form ∼ Tr ln (Hˆ). To calcu-
late the divergences of effective action we will write it as
Tr ln (Hˆ) = Tr ln (HˆHˆ∗)− Tr ln (Hˆ∗). (7)
It is easy to see that Tr ln Hˆ∗ contributes only to the vacuum divergences, that are already
known for an arbitrary model [13, 2]. Therefore it is sufficient to calculate the divergences
of the product HˆHˆ∗, which has a standard form,
Hˆ = HˆHˆ∗ = 1ˆ✷+ 2hˆµ∇µ + Πˆ, (8)
where we can identify
hˆµ =
(
0 i
2
hΨ¯jγ
µ
0 i
2
hϕγµδij
)
(9)
and
Πˆ =
(
m2 + λ
2
ϕ2 − ξR+ gϕ hMΨ¯j
2hΨi δ
ij
[
M2 − 1
4
R + hMϕ
] ) .
(10)
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The one-loop divergences can be derived by means of the Schwinger–De-Witt technique
(see, e.g. [2], [14]) and are given by the general expression
Γ
(1)
div = −
µD−4
ε
∫
dDx
√−gTr
{1
2
Pˆ 2 +
1
12
Sˆ2µν +
1
6
✷Pˆ
+
1ˆ
180
(
R2µναβ − R2µν +✷R
)}
, (11)
where ε = (4π)2(D − 4) and
Pˆ = Πˆ +
1ˆ
6
R −∇µhˆµ − hˆµhˆµ,
Sˆµν =
[∇ν ,∇µ]1ˆ +∇νhˆµ −∇µhˆν + hˆνhˆµ − hˆµhˆν . (12)
We give intermediate formulas in the Appendix, and here present only the final result,
Γ
(1)
div = −
µD−4
ε
∫
dDx
√−g
{
m4
2
− 2NM4 +
[N
3
M2 −m2
(
ξ − 1
6
)]
R + 2Nh2(∂µϕ)
2
+
8N − 1
180
R2µν +
[5N + 1
45
− 1
6
(
ξ − 1
6
)]
✷R +
∑
k
3ih2Ψ¯k
[1
2
/∇− iM − ihϕ
]
Ψk
−
[1
2
(
ξ − 1
6
)2
+
N
18
]
R2 +
1
6
(
gϕ− 8NhM
)
✷ϕ+
1
2
(
g2 + λm2 − 24Nh2M2
)
ϕ2
+
1
12
(
λ− 16Nh2
)
✷ϕ2 − 1
2
[(
ξ − 1
6
)
λ− 2
3
Nh2
]
Rϕ2 +
(N
24
+
1
45
)
R2µναβ
+ (m2g − 8NhM3)ϕ+
(1
8
λ2 − 2Nh4
)
ϕ4 −
(
8NMh3 − 1
2
gλ
)
ϕ3
−
[
g
(
ξ − 1
6
)
− 2
3
NhM
]
Rϕ
}
, (13)
where the vacuum divergences were also included for completeness.
A few general comments are in order at this point. First of all, the result (13) confirms
our expectations. All odd terms which we included into the classical action (3) really
emerge in the one-loop divergences. The reason is that in the theory with sterile scalar
these terms are not protected by any kind of symmetry, and hence it was actually expected
that they would show up. Second, as far as we have the odd-power divergences, one should
expect the logarithmic contributions in the corresponding finite part of effective action, in
particular in the effective potential of a sterile scalar. In the next sections we shall see that
these expectation will be completely confirmed. Third, it is worth pointing out that the
odd terms may affect on the form of the non-local form factors, similar to what we had in
the Yukawa model for the even terms [15] and earlier for a self-interacting scalar [16]. The
discussion of this issue goes beyond the framework of the present work and will be left for
the future.
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The renormalization relations between bare and renormalizable quantities have the form
which directly follows from the divergences. For the fields we have
ϕ0 = µ
D−4
2
(
1 +
2Nh2
ǫ
)
ϕ, (14)
Ψk0 = µ
D−4
2
(
1 +
3
4ǫ
h2
)
Ψk, (15)
Ψ¯k0 = µ
D−4
2
(
1 +
3
4ǫ
h2
)
Ψ¯k. (16)
The relations for masses have the form
M0 =
(
1− 9
2ǫ
h2
)
M, (17)
m20 = m
2 − g
2 + 4Nh2m2 + λm2 − 24Nh2M2
ǫ
. (18)
For the usual even couplings and nonminimal parameters we have
ξ0 = ξ − λ+ 4Nh
2
ǫ
(
ξ − 1
6
)
, (19)
h0 = µ
4−D
2 h
(
1− 4Nh
2 + 9h2
2ǫ
)
, (20)
λ0 = µ
4−D
(
λ+
48Nh4 − 8Nλh2 − 3λ2
ǫ
)
. (21)
And, finally, for the odd couplings and nonminimal parameters,
g0 = µ
4−D
2
(
g +
48NMh3 − 3gλ− 6Nh2g
ǫ
)
, (22)
τ0 = µ
D−4
2
(
τ +
8NhM3 − 2Nτh2 −m2g
ǫ
)
, (23)
f0 = µ
D−4
2
[
f +
g
ǫ
(
ξ − 1
6
)
− 2NhM + 6Nfh
2
3ǫ
]
. (24)
These expressions demonstrate the non-trivial renormalization of the odd coupling param-
eters, including the new non-minimal parameter f .
3 Renormalization group and effective potential
In this section we consider the renormalization group equation for the effective potential
and discuss its solution to derive the effective potential for the model under considera-
tion up to first order in scalar curvature. The form of the equation is defined by the
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corresponding beta-and gamma-functions which are calculated on the basis of the renor-
malization relations for the parameters and fields (for the theories in curved space time see
e.g. [17, 18, 2]).
Let us begin with beta-functions . They are defined as follows
βP = lim
D→4
µ
dP
dµ
, (25)
where P = {m,M, h, λ, ξ, g, τ, f} are the renormalized parameters. The scheme of deriva-
tion is described in [2] and we will not repeat it here, but only present the results. The
calculation which is based on the relations (18), (21), (24) leads to
βh =
(4N + 9)h3
(4π)2
,
βM =
9h2M
2(4π)2
,
βλ =
1
(4π)2
(
8Nλh2 + 3λ2 − 48Nh4
)
,
βξ =
1
(4π)2
(
4Nh2 + λ
)(
ξ − 1
6
)
,
βg =
1
(4π)2
(3
2
gλ+ 3Ngh2 − 12NMh3
)
,
βm2 =
1
(4π)2
[
m2λ+ g2 +
(
4m2 − 24M2
)
Nh2
]
,
βτ =
1
(4π)2
(
2Nτh2 + gm2 − 8NhM3
)
,
βf =
1
(4π)2
[
2Nfh2 − g
(
ξ − 1
6
)
+
2
3
NMh
]
. (26)
The gamma-functions are defined as follows:
lim
D→4
µ
dΦ
dµ
= γΦΦ, (27)
where Φ are the renormalized fields, Φ = (ϕ, Ψk). The relations (16) lead to
γϕ = −2Nh
2
(4π)2
, (28)
γΨk = −
3h2
4(4π)2
. (29)
In the case of conformal invariant theory we should put all dimensional constants m2,
M , g, τ and f vanish and set ξ = 1
6
. It is easy to see that in this situation the pole coefficient
in the expression for the divergences (13) is also conformal invariant. Furthermore, the beta
8
functions have the corresponding conformal fixed point, as it has to be from the general
perspective [17, 2].
Now we briefly discuss how to find the one-loop effective potential from the MS renor-
malization group equation in curved spacetime. The starting point is the overall µ-
independence of effective action,
µ
d
dµ
Γ[gαβ,Φ, P, n, µ] = 0, (30)
which immediately leads to [17, 2]{
µ
∂
∂µ
+ βP
∂
∂P
+
∫
dDx γΦΦ
δ
δΦ(x)
}
× Γ[gαβ ,Φ, P,D, µ] = 0, (31)
where we assume the sum over all parameters P and the fields Φ = (ϕ, Ψk). From now on
we shall set D = 4.
The effective potential is defined as zero-order approximation in the derivative expan-
sion for the scalar sector of Γ,
Γ[gαβ, ϕ, P, µ] =
∫
d4x
√−g
{
− Veff
(
ϕ, gαβ
)
+
1
2
Z
(
ϕ, gαβ
)
gµν∂µϕ∂νϕ + . . .
}
. (32)
Since (31) is a linear homogeneous equation, we get{
µ
∂
∂µ
+ βP
∂
∂P
+ γϕ ϕ
∂
∂ϕ
}
Veff(gαβ, ϕ, P, µ) = 0. (33)
Equation (33) means that the explicit functional dependence on µ in the effective po-
tential is exactly compensated by the µ-dependence of the scalar field ϕ and parameters
P . At the one-loop level the last dependence can be written in the simple form involving
the first order logarithmic dependence, as one can figure out from the above expressions
for beta- and gamma-functions.
We will search for the effective potential up to the terms linear in scalar curvature,
Veff = V0+RV1, where V0 is the flat-space effective potential and RV1 is the first curvature-
dependent correction to V0. Both functions V0 and V1 satisfy equation (33). Before solving
the equations for V0 and V1, we will take into account that in the one-loop approximation
each spin gives additive contribution to the effective action. Therefore we can write V0 =
V
(0)
0 + V
( 1
2
)
0 and V1 = V
(0)
1 + V
( 1
2
)
1 , where the labels (0) and (
1
2
) mean contribution from
quantum scalar and spinor fields, respectively. The quantities V
(0)
0 and V
( 1
2
)
0 correspond to
the theory under consideration in flat space. In this section we demonstrate how they can
be found starting from the renormalization group equation.
Let us begin with finding V
(0)
0 . The equation for this quantity has the form{
µ
∂
∂µ
+ βP
∂
∂P
+ γϕ ϕ
∂
∂ϕ
}
V
(0)
0 (ϕ, P, µ) = 0. (34)
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The equation (34) is a complicated partial differential equation with non-constant coeffi-
cients. Before solving this equation, it proves helpful to bring qualitative considerations
that simplify the solution. The parameter µ can enter to the solution for V
(0)
0 only loga-
rithmically. Since the argument of the logarithm must be dimensionless, the dependence
on µ should be through the parameter t = 1
2
ln X
µ2
, where the quantity X has the mass
dimension two. This quantity can be constructed only from the dimensional parameters
of the classical action, i.e. from m,M,ϕ, g, τ with arbitrary dimensionless coefficients. In
principle, these coefficients should be fixed with the help of appropriate renormalization
conditions for the effective potential. However, it is natural to assume that the form of
effective potential should be consistent with the form of the operator Hˆ (8) in the scalar
sector. It means that the most natural choice for X is X(0) = m2 + gϕ+ 1
2
λϕ2. Thus, we
identify
t(0) =
1
2
ln
m2 + 1
2
λϕ2 + gϕ
µ2
(35)
for the scalar field contribution to effective potential. The parameters M and h do not
contribute in the scalar sector. Therefore V
(0)
0 = V
(0)
0 (t,m
2, g, τ, ϕ) and the equation (34)
becomes{
µ
∂
∂µ
+ β
(0)
m2
∂
∂m2
+ β
(0)
λ
∂
∂λ
+ β(0)g
∂
∂g
+ β(0)τ
∂
∂τ
+ γ(0)ϕ ϕ
∂
∂ϕ
}
V
(0)
0 = 0. (36)
Here the functions β
(0)
λ , β
(0)
g , βm2 , γ
(0)
ϕ and β
(0)
τ are taken at M = 0 and h = 0. For the
scalar field contribution γ
(0)
ϕ = 0. The next step is to express the derivative with respect
to µ through the derivative with respect to the parameter t(0) defined in (35). As a result,
the equation (36) looks like
{ ∂
∂t(0)
− β¯(0)
m2
∂
∂m2
− β¯(0)λ
∂
∂λ
− β¯(0)g
∂
∂g
− β¯(0)τ
∂
∂τ
− γ¯(0)ϕ ϕ
∂
∂ϕ
}
V
(0)
0 = 0, (37)
where
(
β¯
(0)
m2
, β¯
(0)
λ , β¯
(0)
g , β¯
(0)
τ , γ¯
(0)
ϕ
)
=
1
1−Q(0)
(
β
(0)
m2
, β
(0)
λ , β
(0)
g , β
(0)
τ , γ
(0)
ϕ
)
(38)
and
Q(0) = 1− ∂t
(0)
∂m2
− ∂t
(0)
∂λ
− ∂t
(0)
∂ϕ
− ∂t
(0)
∂g
. (39)
Solution to the equation (37) is written as follows
V
(0)
0 (t
(0), m2, λ, g, τ, ϕ) = V0 cl(m
2(t(0)), λ(t(0)), g(t(0)), τ(t(0)), ϕ(t(0)), (40)
10
where
V0 cl =
1
2
m2ϕ2 +
λ
4!
ϕ4 +
g
3!
ϕ3 + τϕ (41)
is the classical potential and m2(t(0)), λ(t(0)), g(t(0)), τ(t(0)) and ϕ(t(0)) are the running
parameters P (t(0)) and the scalar field, satisfying the equations
dP (t(0))
dt(0)
= β¯
(0)
P (t
(0)),
dϕ(t(0))
dt(0)
= γ¯ϕ(t
(0)) (42)
with the initial conditions
P (t)|t=0 = P. (43)
As before, here P = m2, λ, g, τ . Since we work in the one-loop approximation, all quantum
corrections are linear in ~, hence we can set the quantity Q (39) equal to zero in the
expressions for beta- and gamma-functions. Then the solutions of the equations (42) can
be easily found
P (t(0)) = P + β
(0)
P t
(0),
ϕ(t(0)) = ϕ+ γ(0)ϕ t
(0) = ϕ, (44)
where we took into account that γ(0) = 0. The relations (44) together with the explicit
forms for the functions β
(0)
P represent the solution for the effective potential V
(0)
0 .
The analysis of the V
(0)
1 can be done in a similar way, so we skip the details. The result
has the following form
V
(0)
1 = V1 cl(P1(t
(0)), ϕ(t(0))) (45)
with V1 clR = −12ξRϕ2+fRϕ. The quantities P1(t(0)) = P1+β(0)P1 t(0) and β
(0)
P1
= (β
(0)
ξ , β
(0)
f ).
These relations together with (45) are final solutions for curvature dependent contribution
to effective potential from quantum scalar field.
We now turn to finding the quantum contribution V¯
( 1
2
)
0 + RV¯
( 1
2
)
1 to effective potential
from quantum spinor field. In this case we begin with equation (33) for V
( 1
2
)
0 and V
( 1
2
)
1
separately taking into account that consistence with form of the operator Hˆ in fermionic
sector (5) motivates a natural choice for dimensionless parameter containing the logarithm
of µ in the form
t(
1
2
) =
1
2
ln
(M + hϕ)2
µ2
. (46)
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All other considerations are analogous to one for V
(0)
0 and V
(0)
1 . Thus, we present only the
final results for quantum corrections,
V¯
( 1
2
)
1 = V0 cl(P
( 1
2
)(t(
1
2
)), ϕ(t(
1
2
))), (47)
and
RV¯
( 1
2
)
1 = RV1 cl(P
( 1
2
)
1 (t
( 1
2
)), ϕ(t(
1
2
))), (48)
where the running parameters and field have the form
P (
1
2
)(t(
1
2
)) = β
( 1
2
)
P t
( 1
2
),
ϕ(t(
1
2
)) = γ
( 1
2
)
ϕ t
( 1
2
). (49)
Here we have solved the equations for running parameters and field with zero initial con-
ditions since the classical contribution to effective potential has been already found when
we calculated V
(0)
0 and V
(0)
1 . The functions β
( 1
2
)
P and γ
( 1
2
)
ϕ in the relations (49) are the βP
and γϕ at non-zero M and h but with zero parameters m
2, λ, g, τ, ξ. The relations (47)
and (48) define the final contribution to effective potential from quantum spinor field.
Thus, we are in a position to present an explicit expression for the Minimal Subtraction
scheme - based effective potential,
Veff = −1
2
m2ϕ2 − 1
2
ξRϕ2 +
λ
4!
ϕ4 +
g
3!
ϕ3 + τϕ+ fRϕ
− 1
2(4π)2
{[
12NM2h2t(
1
2
) +
λm2 − g2
2
t(0) + C1
]
ϕ2
+
[
gm2t(0) + 8NhM3t(
1
2
) + C5
]
ϕ+
[λ
2
(
ξ − 1
6
)
t(0) − Nh
2
3
t(
1
2
) + C2
]
Rϕ2
− 1
4!
[
3λ2t(0) − 48Nh4t( 12 ) + C4
]
ϕ4
− 1
3!
[3λg
2
t(0) − 3N(gh2 − 4Mh3)t( 12 ) + C3]ϕ3
+
[2NMh
3
t(
1
2
) − g
(
ξ − 1
6
)
t(0) + C6
]
Rϕ
}
, (50)
where t(0) and t(
1
2
) were identified in (35) and (46). The constants C1 ...6 can be found
from the initial renormalization conditions. For instance, the two well-known values which
correspond to the standard choices in the massless scalar case are C4 = −256 obtained in
[7] and C2 = −3 obtained in [5] (see [2] for a more pedagogical derivation). Since this
calculation of the values of C1 ...6 for the massive theory is rather cumbersome and there
are no immediate applications, we skip it. Let us stress that the quantum corrections in
Eq. (50) have qualitatively new terms with odd powers of a sterile scalar field, multiplied by
12
the two kinds of logs. The final definition of the corresponding renormalization constants
C3,5,6 requires independent measurements and can be achieved only within an appropriate
experimental or observational framework. Some of the possible observables related to the
odd terms will be discussed in Sec. 5.
4 Direct calculation of effective potential
The results of the previous sections have shown the importance of the terms which are
odd in the scalar field. This is something we learned from the divergences derived in
the framework of the Scwinger-DeWitt method. Due to the importance of this quantum
calculation, it looks reasonable to control its output by qualitatively different method. This
is done in the present section by deriving effective potential in the O(R)-approximation
using the normal coordinates and local momentum representation, in a way similar to what
was done recently in [8], where one can find many relevant technical details and further
references.
4.1 Riemann normal coordinates and scalar contribution
These coordinates are related to the geodesic lines which link a fiducial point P ′(xµ
′
) with
another point with the coordinates xµ
′
= xµ + yµ. In order to use the local momentum
representation we assume that gµν(P
′) = ηµν . In the vicinity of this point, in the linear in
curvature approximation, we have
gαβ(x) = ηαβ(x
′)− 1
3
Rαµβν(x
′)yµyν + · · · . (51)
Then, the bilinear operator in the scalar sector can be written as
− Hˆ = 1√−g
δ2Sscalar
δϕ(x)δϕ(x′)
= ✷+ V ′′, (52)
where V ′′ is the second derivative of the classical potential
V (ϕ) =
1
2
m2ϕ2 +
λ
4!
ϕ4 +
g
3!
ϕ3 + τϕ+ fR. (53)
Further calculation in this subsection will essentially repeat the one of [8], but with another
potential (53). We include this short review part for making all the presentation more
consistent.
We can expand (52) in the Riemann normal coordinates as
−Hˆ = ηµν∂µ∂ν + 1
3
Rµα
ν
βy
αyβ∂µ∂ν − 2
3
Rαβy
β∂α +m
2 − ξR + V ′′ + · · · . (54)
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where · · · denotes high order terms in curvature.
The main advantage of the local momentum representation is that the calculation can
be performed in flat space-time and the result can be always presented in a covariant way.
For instance, the equation for the propagator of a real scalar field has the form
HˆG(x, x′) = −δc(x, x′), (55)
where δc(x, x′) = g−
1
4 (x′)δ(x, x′)g−
1
4 (x) is a covariant Dirac delta function.
Since we are going to make calculations around the flat metric, it is most useful to work
with the modified propagator G¯(x, x′) where
HˆG¯(x, x′) = −δ(x, x′)
The explicit form of G¯(x, x′) is known [9, 10] for the free case when V ′′ = m2 and for the
even potential at constant ϕ [8]. As far as it is sufficient to regard V ′′ = const for the
derivation of effective potential, we can replace m2 by m˜2 = V ′′ and obtain, in first order
of curvature expansion, the following expression:
G¯(y) =
∫
d4k
(2π)4
eikx
[ 1
k2 − m˜2 −
(
ξ − 1
6
) R
(k2 − m˜2)2
]
+ · · · . (56)
We can expand Hˆ and G¯(x, x′) up to the first power of scalar curvature as
Hˆ = Hˆ0 + Hˆ1R +O(R
2
...) ,
G¯ = G¯0 + G¯1R +O(R
2
...) .
Starting from this point the O(R2...) terms will not be mentioned.
As far as Tr ln Hˆ = −Tr lnG(x, x′), we get
−1
2
Tr ln G¯(x, x′) =
1
2
Tr ln (Hˆ0 + Hˆ1R)
=
1
2
Tr ln Hˆ0 +
1
2
Tr (G¯0Hˆ1R). (57)
Consider first the effective potential in flat space. The first term in the r.h.s of (57)
includes the flat space contribution V¯0(ϕ), which can be defined as
V¯0(ϕ) =
1
2
Tr lnS2(ϕ)− 1
2
Tr lnS2(ϕ = 0). (58)
Here S2 is the bilinear form of the classical scalar field action,
S2(ϕ) =
1
2
∫
d4x
{
ϕηµν∂µ∂νϕ+ V
′′
}
. (59)
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As a result we have
V¯0(ϕ) =
1
2
Tr ln
{
✷+ V ′′
✷+m2
}
. (60)
Unlike the previous sections, all the subsequent calculations will be performed in the
cut-off regularization what helps to simplify the calculations and make them more explicit.
The transition to dimensional regularization can be easily done, of course. By introducing
the four-dimensional Euclidean momentum cut-off Ω and integrating over angular coordi-
nates, we arrive at [8]
V¯0(ϕ) =
1
2(4π)2
∫ Ω
0
k2dk2 ln
(k2 + V ′′
k2 +m2
)
. (61)
Taking the last integral, after some algebra we obtain
V¯0(ϕ, ηµν) = V¯
div
0 + V¯
fin
0 ,
V div0 =
1
2(4π)2
{
Ω2V ′′ − 1
2
(V ′′)2 ln
Ω2
m2
}
,
V¯ fin0 =
1
2(4π)2
{1
2
(V ′′)2 ln
(
1 +
V ′′
m2
)
− 1
4
(V ′′)2
}
. (62)
In order to cancel divergences, we follow the minimal substraction scheme and introduce
an appropriated counterterm in the form
∆V0 =
1
2(4π)2
{
− Ω2V ′′ + 1
2
(V ′′)2 ln
Ω2
µ2
+
1
4
(V ′′)2
}
, (63)
where µ is the dimensional renormalization parameter. In this way, the quadratic and
logarithmic divergences are eliminated and the renormalized effective potential can be
written as
V reneff (ηµν , ϕ) = V + V¯0 +∆V0 = V +
(V ′′)2
64π2
ln
(V ′′
µ2
)
. (64)
Let us consider the linear in curvature corrections. The first order contribution is due
to the second term in the r.h.s. of Eq. (58). This term can be easily presented in the form
1
2
Tr (G¯0Hˆ1R) =
1
2
∫
d4x
∫
d4x′[G¯−10 (x, x
′)G¯1(x
′, x)]R
=
1
2
∫
d4x
∫
d4x′R
∫
d4k
(2π)4
eik(x−x
′) ×
∫
d4p
(2π)4
eip(x
′−x)G¯−10 (k)G¯1(p)
=
1
2
∫
d4xR
∫
d4k
(2π)4
G¯−10 (k)G¯1(k) (65)
and hence
1
2
Tr (G¯0Hˆ1R) = − 1
2(4π)2
(
ξ − 1
6
)∫
d4xR
∫ Ω
0
k2dk2
k2 + m˜2
. (66)
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After taking the last integral, the final result reads
V¯ (ϕ, gµν) = V¯0 + V¯1R, (67)
where V¯0 is given by Eq. (64) and V¯1 = V¯
fin
1 + V¯
div
1 , where
V¯ div1 =
1
2(π)4
(
ξ − 1
6
)[
− Ω2 + (V ′′) ln Ω
2
m2
]
,
V¯ fin1 =
1
2(π)4
(
ξ − 1
6
)[
(V ′′) ln
(V ′′
m2
)]
. (68)
Similar to the flat space case, the potential must be modified by adding a counterterm,
∆V¯1 =
1
2(π)4
(
ξ − 1
6
)[
Ω2 − (V ′′) ln Ω
2
µ2
]
. (69)
Thus, the renormalized expression is
V reneff,1(gµν , ϕ) =
1
2
(m2 − ξR)ϕ2 − 1
2(π)4
(
ξ − 1
6
)
(V ′′) ln
(V ′′
µ2
)
. (70)
The full renormalized effective potential for the scalar sector of (1) is the sum of expressions
(64) and (70),
V reneff (gµν , ϕ) = ρΛ + V +
~
2(4π)2
[1
2
(V ′′)2 −
(
ξ − 1
6
)
R(V ′′)
]
ln
(V ′′
µ2
)
, (71)
where we restored the first power of the loop parameter ~ and added the cosmological
constant term, ρΛ.
4.2 Fermion contributions and overall expression
Let us consider now the fermion contribution to the effective potential of the sterile scalar.
In the case of potential the background field ϕ can be treated as a constant, hence we
denote M˜ = M + hϕ. Taking the Grassmann parity of the quantum field into account, in
the Euclidean notations we get
Γ
(1)
f [ϕ, gµν ] = − Tr ln Hˆf , (72)
where Hˆf = i(γ
µ∇µ + iM˜)δij. As usual, we consider [21]
Tr ln Hˆf =
1
2
Tr ln (HˆfHˆ
∗
f ), (73)
with Hˆ∗f = i(γ
µ∇µ − iM˜)δjk. After some algebra this gives
Tr ln Hˆf =
1
2
Tr ln
(
−✷+ 1
4
R− M˜2
)
δik (74)
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The fermion propagator is defined from the relation
(Hˆf Hˆ
∗
f )G(x, x′) = −δc(x, x′). (75)
Following the same scheme which was used in the scalar case, one can define modified
propagator
G¯(x, x′) = G¯(x, x′)g− 14 (x), (76)
which satisfies the equation
(HˆfHˆ
∗
f )G¯(x, x′) = −δ(x, x′). (77)
From the paper by Bunch and Parker [9] we learn that G¯(x, x′) = G¯(y) is defined as
G¯(y) =
∫
d4k
(2π)4
eiky
[
1− 1
12
R
∂
∂M˜2
]
(k2 + M˜2)−11ˆ (78)
in the first order in curvature. Thus,
−1
2
Tr lnG(x, x′) = 1
2
Tr ln Hˆf =
1
4
Tr ln (HˆfHˆ
∗
f ). (79)
Using the same considerations as for the scalar field, we find that
−1
2
Tr lnG(x, x′) = 1
4
Tr ln (Hˆf Hˆ
∗
f )0 +
1
4
Tr G¯0(HˆfHˆ∗f )1R (80)
The first term in r.h.s. correspond to the flat space case and the second one is the first
order in curvature contribution. We will first perform the calculation in the flat space,
when
1
4
Tr ln (Hˆf Hˆ
∗
f )0 =
1
4
sTr ln (−ηµν∂µ∂ν − M˜2) δik.
In the momentum representation this gives
1
4
Tr ln (HˆfHˆ
∗
f )0 = (−2N)
∫ Ω
0
dk2
(4π)2
k2 ln
( 1
k2 + M˜2
)
,
which provides the flat space part of the one-loop effective potential,
V div0 (fer) = −
2N
(4π)2
{1
2
ln
( Ω2
M˜2
)
M˜4 +
1
4
Ω2
}
. (81)
In order to renormalize this result, we introduce a counterterm of the form
∆V0 =
2N
(4π)2
{1
2
ln
(Ω2
µ2
)
M˜4 +
1
4
Ω2
}
(82)
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Thus,
V ren0 (fer) =
N
(4π)2
ln
(M˜2
µ2
)
M˜4 (83)
The contribution in first order of curvature is
1
4
Tr G¯0(HˆfHˆ∗f )1R = (−2N)
∫
d4xR ×
∫
d4k
(2π)4
G¯−10 (k)G¯1(k). (84)
which can be written in momentum space as
1
4
Tr G¯0(HˆfHˆ∗f )1R = −
N
6(4π)2
R
∫ Ω
0
dk2
k2
k2 + M˜2
.
Therefore,
V div1 (fer)R =
N
6(4π)2
R
{
M˜2 ln
Ω2
M˜2
+ Ω2
}
, (85)
while there is no remnant finite part in this case. The divergences can be eliminated by
adding a counterterm
∆V1 = − N
6(4π)2
{
M˜2 ln
Ω2
µ2
+ Ω2
}
. (86)
Finally, the first order in curvature part of the renormalized effective potential has the
form
Vren(fer) = − N
(4π)2
{
M˜4 − 1
6
RM˜2
}
ln
(M˜2
µ2
)
. (87)
Summing up the scalar (71) and fermion (87) contributions, we arrive at the general
expression for the effective potential of our model, which includes a single real sterile scalar
and N copies of massive fermion fields,
V reneff (gµν , ϕ) = ρΛ +
1
2
(m2 − ξR)ϕ2 + V + ~
2(4π)2
{
− 2N(M + hϕ)4 ln
[(M + hϕ)2
µ2
]
+
[1
2
(V ′′ +m2)2 −
(
ξ − 1
6
)
R(V ′′ +m2)
]
ln
(V ′′ +m2
µ2
)
+
N
3
R(M + hϕ)2 ln
[(M + hϕ)2
µ2
]}
, (88)
where the interacting and odd terms of the classical potential V (remember that we sep-
arated the term with scalar mass for the sake of convenience) are defined in Eq. (53).
It is easy to verify the perfect correspondence with the expression (50) derived from the
Minimal Subtraction - based renormalization group with the scale identifications (35) and
(46).
The effective potential (88) depends on an arbitrary parameter µ. To fix the value of
this parameter, we should imposed the renormalization conditions in a usual way.
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5 Induced action of gravity with odd terms
In this section we discuss some interesting aspects of the model under consideration related
to symmetry breaking, induced action of gravity and its possible physical manifestations.
In the scalar theory in flat space without odd terms in the scalar sector, the classical
potential U = −1
2
m2ϕ2 + V with “untrue” sign at m2 has a constant minimum position,
which corresponds to the spontaneous symmetry breaking (SSB) of discrete symmetry. In
curved space such a constant position of the minimum and corresponding vacuum state
are impossible [19]. The most immediate reason is that the classical potential contains the
non-minimal ξR(x)ϕ2 term and constant solution for the scalar field is impossible in the
general case of an arbitrary metric. Such a general analysis is beyond the scope of this
paper, the discussion of related issues can be found e.g. in Ref. [20].
Things get even more complicated in the case of the sterile scalar, since the odd powers
of the scalar in the potential make the discrete symmetry impossible and hence there is no
much sense to speak about its breaking. However, let us assume that odd terms and also the
more traditional non-minimal term ξRϕ2 are small and treat them as small perturbations.
In this case we have a SSB in the zero-order approximation, and this is the terminology
which we shall adapt in what follows.
Let us consider the equation of motion for vacuum expectation value (VEV) of the
scalar field.
δS
δϕ
∣∣∣∣
ϕ=v
= 0, (89)
where v is supposed to be constant and in many cases it is so. However, as we have just
mentioned, the solution of this problem in curved space is quite nontrivial [19], because in
general R is not constant and ξ 6= 0. As a result, the equation for the VEV
−✷v +m2v + ξRv − 1
6
λv3 − 1
2
gv2 − τ − fR = 0 (90)
can not be solved with constant v even neglecting the kinetic term. Following [19] we can
expand the solution into power series in the curvature tensor or ξ, such that
v(x) = v0 + v1(x) + v2(x) + . . . . (91)
In the solution of the problem of VEV we shall treat both ξR and odd terms as small
perturbations.
In the zero order we have
v20 =
6m2
λ
. (92)
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Now, in order to solve Eq. (90) in the first order, consider the following approximations:
|g| ≪ v0, |τ | ≪ v03, |ξR| ≪ v02, |f | ≪ v0. (93)
After solving the perturbative problem independently for ξR and odd terms, and sum-
ming up the results we obtain
v(x) = v0 − τ
µ20 + gv0
+
ξv0 − f
✷+ µ20
R, (94)
where
µ20 =
λ
3
v20. (95)
To obtain the induced low-energy action we substitute the solution (94) into the action
(1). The result has the form
Sind =
∫
d4x
√−g
{
− ρindΛ −
1
16πGind
R +
(
τf − τξv0
) 1
✷+ µ20
R
+
(
fξv0 − ξ2v20 − frac13gξv30 +
1
3
gfv20 − fξv0 + f 2
)
R
1
✷+ µ20
R
}
. (96)
In the expression (96) the cosmological constant and the inverse Newton constant are
defined by the expressions
ρindΛ = −
λ
24
v40 −
4
3
τλv30
µ20 + gv0
+
1
6
gv30 + τv0 −
τ 2
µ20 + gv0
, (97)
1
16πGind
=
τv0ξ
µ20 + gv0
− ξv0
2
+ fv0 − τf
µ20 + gv0
. (98)
As expected, these formulas show the small contributions of the odd parameters of the
sterile scalar τ , f and g. Since these parameters are certainly small, the change in these
induced quantities is irrelevant compared to the quantities induced, e.g., in the electroweak
phase transition, where v0 is the vacuum expectation value of the Higgs field and the
mentioned induced quantities may be much larger that, for instance, for the quintessence
field.
At the same time the induced action (96) have two other details which may be in fact
more significant. First of all, in the case of quintessence the mass scale should be very
small, and hence the VeV value v0 should be small too. Then the non-local terms in the
second line of Eq. (96) may become phenomenologically relevant. It would be interesting
to explore the phenomenological limits on the odd parameters, starting from v0 from the
experimental data on Newton law and observational data on the bending of light, and see
whether these limits can produce some restrictions on the quintessence potential. This
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investigation is beyond the scope of the present work, since it is devoted to the quantum
aspects of a sterile scalar, however even the possibility looks attractive.
Another aspect concerns the term (✷+ µ20)
−1R in the first line of Eq. (96). According
to the recent discussion in Ref. [22] this term can be relevant in cosmology, in the periods
when the inverse of the size of the horizon may be comparable with the cosmic scale. Up to
some extent, the corresponding effect can lead to the change of observational predictions
in both inflationary and late cosmology epochs.
Let us now consider an application of odd terms in the scalar action (1) to inflation.
Since the present-day reference theory for inflation is the one of Starobinsky [23], the
simplest approach is to make a mapping to the R + F (R) and take care about the effect
of the odd terms. As usual, we consider that the non-minimal term and the λϕ4-terms in
the classical potential (41) are dominating, while the mass m2ϕ2-term, classical odd terms
and the leading quantum corrections in the effective potential (50) are small and can be
regarded as perturbations. As a first approximations and for the sake of simplicity, the
kinetic (∂ϕ)2-term can be completely omitted, assuming that R is almost constant in the
inflationary period. Let us stress that the detailed analysis of inflation in the model under
consideration is beyond the scope of the present work, we are just trying to sketch the
main features of the inflationary model with odd terms, and leave the rest of the work for
the future.
The derivation of the induced action of gravity in this approximation differs from what
we have done above. The equation for the scalar field is
ξRϕ− 1
6
λϕ3 −m2ϕ− 1
2
gϕ2 − τ − fR = 0. (99)
In the zero-order approximation we get
ξRϕ0 − 1
6
λϕ30 = 0 =⇒ ϕ20 =
4ξR
λ
. (100)
Let us remark that since during inflation R is negative and we need a positive λ for the
stability of the potential, this solution implies ξ < 0, such that the product ξR > 0.
Substituting (100) back into the action, in the leading order there is an induced term
3ξ2
2λ
R2. According to the classical estimate of [24], this means that the ratio 3ξ
2
2λ
should be
close to 5× 108 to provide a successful model of inflation.
In the next approximation we consider ϕ = ϕ0 + ϕ1, and arrive at the linear equation
for ϕ1, (
ξR− λ
2
ϕ20
)
ϕ1 = m
2ϕ0 +
g
2
ϕ20 + τ + fR, (101)
which solves in the form
ϕ1 = −m2
√
3
2λξR
− 3g
2λ
− τ
2ξR
− f
2ξ
. (102)
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After placing the sum ϕ = ϕ0+ϕ1 into the action, in the leading order we get the induced
Lagrangian of gravity that corresponds to the given approximation,
Lind = − 3m
2ξ
λ
R +
3ξ2
2λ
R2 +
√
6ξR
λ
[
τ −
(
f +
gξ
λ
)
R
]
. (103)
The first term in the this expression is a small irrelevant addition to the classical Einstein-
Hilbert term ∼ M2PR. The second term in the first line is the leading R2-term which
was mentioned above, it represents the main element of the Starobinsky inflation [23, 24].
According to our approximation, the terms in the second line of (103) represent a small
addition to the main R2-term. The analysis of the effect of these terms on the inflationary
observables (mainly the spectral index ns of the primordial curvature perturbations and the
tensor-to-scalar ratio r) can be done along the way of the previous works in this direction
[25, 26].
The comparison to the polynomial model of perturbations in [25] is especially instruc-
tive. Let us stress that the odd terms in the classical potential of the sterile scalar field
are necessary to provide a quantum consistency of the theory of a sterile scalar coupled
to fermions. Our consideration shows that this implies the induced gravitational action to
include the non-polynomial terms (103). As we mentioned above, the detailed analysis of
these terms is beyond the scope of the present work. However, we can use the renormal-
ization group equations (26) for the parameters of the action, together with the estimate
[24] (see also recent paper [27]) for the ratio 3ξ
2
2λ
∝ 5× 108, to evaluate the magnitudes of
the induced non-polynomial terms.
Assuming that λ ≈ 1, we arrive at the estimate |ξ| ≈ 4 × 104, similar to the Higgs
inflation [28]. Next, according to the equations (26), the lower bound for the absolute
values of the odd parameters is defined by the mass of the heaviest fermion that couples to
the sterile scalar, multiplied by the corresponding Yukawa coupling. Assuming that this
coupling is of the order one (which can be, in principle, justified by the need to create
fermionic particles from the vacuum after inflations), we get an estimate
g ∼ mf , τ ∼ m3f , f ∼ mf . (104)
For the heaviest particle of the Minimal Standard Model, the top-quark, we have mf =
mt = 175GeV . On the top of that we can use the value of Hubble parameter during
inflation,
Hinf = 10
11 − 1013GeV, with |R| ∼ H2inf , (105)
and this gives the estimates √
6ξR
λ
∼ 1020GeV. (106)
22
It is easy to see that our “optimistic” estimates lead to the situation that the magnitudes
of the non-polynomial terms in the second line of (103) are about 3-4 orders of magnitude
smaller that the main R2-term in the first line. The important consequences of this fact
are that i) The most relevant odd parameter is g, since its contribution is many orders
of magnitude greater that the ones of of τ and even f . ii) The treatment of the non-
polynomial in R terms as small additions to the main even part, and consequently the
same treatment for the odd terms in the potential compared to the even terms, is justi-
fied. iii) The interaction of the inflaton with much heavier fermions, such as the ones of
supersymmetric GUT’s may lead to the real trouble with the odd terms in inflation. In
this case the non-polynomial terms become dominating and this implies the conflict with
the observational data, e.g. with the ones of Planck [29]. This problem can be of course
solved by imposing the small Yukawa couplings for these fermions, that can be seen as a
general restriction for the inflaton-based models. It is interesting that we arrived at this
conclusion just by requiring the consistency of the theory of inflaton at the quantum level.
6 Conclusions and Perspectives
As we have seen in the previous sections, in the model with sterile scalar interacting to
fermions there is no symmetry protection from the terms which are odd in the field, as
a result these odd terms are necessary for the renormalizability of the theory. Similar
conclusion has been done recently in [3, 4], but we were trying to make renormalization in
a consistent way that requires including odd terms into the classical potential.
As far as we include these terms into the classical action, the induced action of gravity,
including both cosmological and inverse Newton constants, starts to depend on the new
terms. And the most dramatic effect is that the induced action (˚4) gains the non-local
contributions with the very small mass (˚3) in the Green function. This illustrated the
effect which the sterile scalar (such as, e.g., quintessence) can produce on the gravita-
tional action. It would be interesting to explore the effect of these non-local terms at the
phenomenological level.
An interesting consequence can be met by requiring the quantum consistency of the
inflaton coupled to fermions. The simple mapping to the F (R) models in (103) shows that
the odd terms in the scalar potential produce the non-polynomial terms in the gravitational
action, with several relevant consequences. In particular, there may be essential restrictions
on the Yukawa interaction of the inflaton to the heavy fermions beyond the Standard Model,
coming from the Planck data [29].
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Appendix
The intermediate expressions leading to (13) are
∇µhˆµ =
(
0 i
2
h∇µΨ¯jγµ
0 i
2
h∇µϕγµδij
)
, hˆµhˆ
µ =
(
0 −h2Ψ¯kϕ
0 −h2ϕ2δik
)
and hˆµhˆν =
(
0 −1
4
h2Ψ¯kϕγµγν
0 −1
4
h2ϕ2γµγνδ
ik
)
. (107)
Thus, we arrive at the expressions
Pˆ =
(
λϕ2
2
+ gϕ+m2 − (ξ − 1
6
)
R hMΨ¯k − i2h(∇µΨ¯k)γµ + h2Ψ¯kϕ
2hΨi
[
M2 − 1
12
R + hMϕ− i
2
h(∇µϕ)γµ + h2ϕ2
]
δik
)
and
Sˆµν =
(
0 − i
2
h
(
(∇µΨ¯k)γν − (∇νΨ¯k)γµ
)
+ 1
4
h2Ψ¯kϕ [γµ, γν]
0
[
1
4
Rµναβγ
αγβ − i
2
h ((∇µϕ)γν − (∇νϕ)γµ) + 14h2ϕ2 [γµ, γν ]
]
δik
)
. (108)
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